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In the quasi-planar approximation of field emission, the potential energy due to an external electrostatic
field E0 is expressed as −eγE0∆s where ∆s is the perpendicular distance from the emission site and γ is
the local field enhancement factor on the surface of the emitter. We show that for curved emitter tips, the
current density can be accurately computed if terms involving (∆s/R2)
2 and (∆s/R2)
3 are incorporated in the
potential where R2 is the second (smaller) principle radius of curvature. The result is established analytically
for the hemiellipsoid and hyperboloid emitters and it is found that for sharply curved emitters, the expansion
coefficients are equal and coincide with that of a sphere. The expansion seems to be applicable to generic
emitters as demonstrated numerically for an emitter with a conical base and quadratic tip. The correction
terms in the potential are adequate for Ra ' 2 nm for local field strengths of 5 V/nm or higher. The result
can also be used for nano-tipped emitter arrays or even a randomly placed bunch of sharp emitters.
I. INTRODUCTION
Electron beams find applications in a variety of de-
vices that include the microwave as well as sub-millimeter
wave generators and amplifiers, accelerators, microscopes
as well for use in lithography, welding, furnace, medical
and space applications1–6. Common mechanisms for pro-
ducing an electron beam are thermionic, field and photo
emission. A topic of current research centres around large
area arrays of pointed field emitters7–12 that offer high
brightness, high current density beams having a small
spread in energy at low operational temperatures.
Field emission of electrons is commonly studied us-
ing a Fowler-Nordheim (FN) type model that involves a
planar metallic surface subjected to a uniform external
electrostatic field E0 and the attendant image force be-
tween the electron and its image due to the grounded
metallic plane13–17. Since electron emission is predicted
to be weak in the planar case, the focus has been on sharp
protrusions from such a surface, where field enhancement
is known to occur and can lead to a significant jump in
electron emission. An improper surface finish can for
example lead to undesirable dark currents in accelera-
tors while properly grown nanotube arrays on a planar
substrate can be the basis of a high performance cold
cathode. In both cases, the protrusions are sharp and
only their tips act as electron emitters. Field emission in
such cases is handled by a quasi-planar extension where
the local electric field continues to be uniform across the
tunneling region but its magnitude is enhanced by the
field enhancement factor γ. However, when the protru-
sions are sharp and the apex radius of curvature is only
a few nanometers, the local electric field decreases sig-
nificantly even within the tunneling regime. This change
in local field away from the surface of curved emitters
should thus be incorporated as corrections in order to
predict the emitted current density accurately.
The nonlinear nature of the external field near the sur-
face of curved emitters is well known18–21. For exactly
solvable problems such as the hyperboloid, the devia-
tion from the planar result has been demonstrated in
the form of nonlinear FN-plots and the current densities
were found to differ by orders of magnitude18,19. In gen-
eral however, a first approximation in dealing with curved
emitters is to treat the surface locally as a sphere having
the same local radius of curvature. Thus, the external
potential may be expressed locally as20,21
Vext ' El∆s 1
1 + (∆s/R)
(1)
where R is the local radius of curvature and ∆s is the
perpendicular distance from the surface. For axially
symmetric emitters, the form of the nonlinear exter-
nal potential has recently been studied using a different
approach22. It has been shown that along the symmetry
axis of the emitter, for ∆s < Ra, the external potential
energy Vext takes the form
V
(a)
ext (∆s) ' El∆s(1−∆s/Ra) (2)
where Ra is the apex radius of curvature and the normal
distance ∆s is measured from the apex.
The validity of the local spherical approximation can
be scrutinized using exact results for curved emitters such
as the hyperboloid or hemi-ellipsoid. A similar approach
for the image potential shows that for the hyperboloid,
where exact results for the image charge potential due to
a ring of charges is known23, the spherical approximation
is found to hold24 near the tip of sharp hyperboloids when
the local radius of curvature considerably exceeds the
tunneling distance.
The approach that we adopt here makes use of the ex-
act results for the hemi-ellipsoid and hyperboloid emit-
ters to derive a correction to Eq. 2 and determine the
conditions under which it is identical for the two emit-
ters. We then show that an identical result exists for the
sphere provided corrections to Eq. 1 are incorporated.
Our derivation also brings out the role of the principle
radii of curvature (R1, R2) and the added clarification
that the spherical approximation, where applicable, must
be used with R2 except at the apex where R1 = R2. Fi-
nally, the applicability of the result is tested numerically
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2for a conical emitter with a quadratic tip and found to
be in good agreement.
II. POTENTIAL VARIATION NORMAL TO THE
SURFACE
We shall first deal with the potential variation along
field lines close to the surface of a hemiellipsoid and a
hyperboloid25,26. In both cases, the structure is assumed
to be vertically aligned (zˆ) in the presence of an external
field. It is convenient to work in prolate spheroidal coordi-
nate system (η, ξ, φ). These are related to the Cartesian
coordinates by the following relations:
x = c2
√
(η2 − 1)(1− ξ2) cosφ
y = c2
√
(η2 − 1)(1− ξ2) sinφ
z = c2ξη, (3)
Note that a surface obtained by fixing η = η0 in this
coordinate system is an ellipsoid while ξ = ξ0 defines a
hyperboloid.
For a hemiellipsoid in an external field −E0zˆ, the
field lines close to the surface are ξ = constant curves.
For a hyperboloid diode with both the cathode and an-
ode as hyperboloid surfaces, the field lines are always
η = constant curves. Further, since we are concerned
with potential variation over a distance of around 1 nm
at moderate fields of 5 V/nm, we shall assume that the
curved field lines are approximately straight over this
distance. Its validity is tested in the appendix for a
hemiellipsoid where it is shown using a Taylor expan-
sion, that close to the apex from where field emission pre-
dominantly occurs, the straightness assumption is largely
valid.
A. hemiellipsoid
Consider a hemiellipsoidal emitter, η = η0, on a
grounded conducting plane, placed in an external elec-
trostatic field −E0zˆ. The solution of Laplace equation
may be written as12,25,26
V (η, ξ) = c2E0ηξ
(
1−
log
[
η+1
η−1
]− 2η
log
[
η0+1
η0−1
]− 2η0
)
(4)
where c2 =
√
h(h−Ra), h is the height and Ra is the
apex radius of curvature. The point (η, ξ) may lie on the
hemiellipsoid surface or outside. We wish to determine
the variation in potential close to the surface along the
field line ξ = ξ0 at the point (η0, ξ0).
Using Eq. 4, the electrostatic potential V at this local
point (η0 + ∆η, ξ0) outside the surface can be calculated
as
V (η0 + ∆η, ξ0) = U
[
1−
log( η0+∆η+1η0+∆η−1 )− 2η0+∆η
log( η0+1η0−1 )− 2η0
]
= −U˜
[
2
η0
+ log
(
1 + ∆ηη0+1
1 + ∆ηη0−1
)
− 2
η0(1 +
∆η
η0
)
]
= −U˜
[
2
η0
[(∆η
η0
)
−
(∆η
η0
)2
+
(∆η
η0
)3
+ . . .
]
+ log
(
1 +
∆η
η0 + 1
)
− log
(
1 +
∆η
η0 − 1
)]
where
U = c2E0ξ0η0 + c2E0ξ0∆η = U0 + ∆U (5)
U˜ = U0 + ∆U
log( η0+1η0−1 )− 2η0
= U˜0 + ∆˜U . (6)
Using the expansion log(1+x) = x−x2/2+x3/3+. . . the
above expression for the potential can be approximated
as
V (η0 + ∆η, ξ0) ' 2U˜
[
1
η20(η
2
0 − 1)
∆η +( 1
η30
− η0
(η20 − 1)2
)
(∆η)2 −
( 1
η40
− 3η
2
0 + 1
3(η20 − 1)3
)
(∆η)3
]
which on simplifying and keeping terms upto (∆η)3,
takes the form
V (η0 + ∆η, ξ0) ' 2U˜0∆η
(η20 − 1)η20
×[
1− η0
η20 − 1
∆η +
4η20
3(η20 − 1)2
(∆η)2
]
Rewriting in terms of magnitude of the local field El
El(η0, ξ0) =
2E0ξ0
η0
√
η20 − ξ20
√
η20 − 1(log
[
η0+1
η0−1
]− 2η0 ) (7)
and the normal distance ∆s from the point (η0, ξ0)
∆η =
∆s
hη
+O((∆s)2) (8)
where
hη = c2
√
η20 − ξ20
η20 − 1
, (9)
the potential V (η0 + ∆η, ξ0) can be expressed as
3V (∆s) ' El(η0, ξ0)∆s
[
1− ∆s
R1
(η20 − ξ20)
(η20 − 1)
+
4
3
(∆s
R1
)2(η20 − ξ20
η20 − 1
)2]
.
(10)
For an ellipsoid η = η0, the principal local radii of cur-
vature at the point (η0, ξ0) are
R1 = Ra
(
η20 − ξ20
)3/2(
η20 − 1
)3/2 (11)
R2 = Ra
(
η20 − ξ20
)1/2(
η20 − 1
)1/2 (12)
while the Gaussian radius of curvature is
Rg = (R1R2)
1/2 = Ra
η20 − ξ20
η20 − 1
. (13)
Thus, Eq. 10 can be further simplified as
V (∆s) ' El(η0, ξ0)∆s
[
1−
(
∆s
R2
)
+
4
3
(
∆s
R2
)2]
(14)
and forms the central result of this paper. It can be
used to estimate the tunneling transmission coefficient
and hence the current density at a point close to the
emitter apex.
Note that Eq. 14 represents approximately the poten-
tial variation along the normal to a point on the surface of
the hemiellipsoid. However, in the apex neighbourhood
of a sharp emitter, Eq. 14 does represent the normal po-
tential variation close to the surface quite accurately (see
appendix) and can thus be used to determine emission
currents.
B. Hyperboloid
The hyperboloid emitter surface is defined by ξ = ξ0 =√
D/(D +Ra) while a flat anode ξ = 0 is placed a dis-
tance D below the tip. In the transformation equations
of Eq. 3, c2 =
√
D(D +Ra) where Ra is the apex radius
of curvature27. The derivation of the potential variation
follows a similar line. If the potential difference between
the anode and cathode is V0, the potential at any point
can be expressed as
V (η, ξ) = V0
(
1−
ln
[
1 − ξ
1 + ξ
]
ln
[
1 − ξ0
1 + ξ0
]) (15)
Thus for small excursions along the field line η = η0 start-
ing from the point (η0, ξ0) on the hyperboloid surface, the
potential
V (η0, ξ0 −∆ξ) = − V0
ln
(
1−ξ0
1+ξ0
)[ ln (1 + ∆ξ
1− ξ0
)−
ln
(
1− ∆ξ
1 + ξ0
)] (16)
Keeping terms upto (∆ξ)3, we have
V (η0, ξ0 −∆ξ) '− 2V0
ln
(
1−ξ0
1+ξ0
) ∆ξ
1− ξ20
[
1− ξ0
1− ξ20
∆ξ
+
1 + 3ξ20
3(1− ξ20)2
(∆ξ)2
]
.
(17)
In terms of the normal distance
∆s = c2∆ξ
√
η20 − ξ20
1− ξ20
(18)
and the local electric field
El = −V0
c2
1
(1− ξ20)
2
ln
[
1−ξ0
1+ξ0
] (19)
the potential variation V (η0, ξ0 − ∆ξ) can be expressed
as a function of ∆s = hξ∆ξ as
V (∆s) ' El∆s
[
1− ∆s
R2
+
1 + 3ξ20
3ξ20
(
∆s
R2
)2]
(20)
where R2 = RaR1/Rg is a principal radius of curvature
for the hyperboloid ξ = ξ0 evaluated at the point (η0, ξ0).
The respective radii of curvature can be expressed as
R1 = Ra
(
η20 − ξ20
)3/2(
1− ξ20
)3/2 (21)
R2 = Ra
(
η20 − ξ20
)1/2(
1− ξ20
)1/2 (22)
Rg = (R1R2)
1/2 = Ra
η20 − ξ20
1− ξ20
. (23)
For a reasonably sharp emitter tip, ξ0 is close to unity.
As an illustration, for D = 5000nm and Ra = 5nm, ξ0 =
0.99950 while for D = 1500nm and Ra = 5nm, ξ0 =
0.99834. Thus, setting ξ0 to be 1,
V (∆s) ' El∆s
[
1− ∆s
R2
+
4
3
(
∆s
R2
)2]
(24)
4as in the case of hemiellipsoid. As before, Eq. 24 is more
accurately the potential variation along field lines of con-
stant η = η0 and only approximately so along the normal
distance. Close to the tip of a sharp hyperboloid how-
ever, it is expected that Eq. 24 is a good approximation
for the potential variation normal to the emitter near the
apex.
C. The Sphere
For a grounded conducting sphere of radius R in an
electric field −E0zˆ, the potential outside the sphere is
Vext = E0r cos θ
[
1− R
3
r3
]
. (25)
Writing r = R+ ∆s,
Vext = E0 cos θ
[ 3R∆s
R+ ∆s
+
(∆s)3
(R+ ∆s)2
]
. (26)
Writing El = 3E0 cos θ and neglecting the second term
leads us to Eq. 1. However, since we are interested in a
correction term of the order of (∆s)3, the second term
must be retained. Now assuming ∆s/R << 1,
Vext ' El∆s
[{
1− ∆s
R
+
(∆s
R
)2}
+
1
3
(∆s
R
)2]
(27)
= El∆s
[
1− ∆s
R
+
4
3
(∆s
R
)2]
(28)
which is identical to the result obtained above for the
hemi-ellipsoid and the hyperboloid.
D. Generic emitter tips
A derivation of a corrected formula for the external
potential variation applicable to generic emitter is not
readily available. However, we shall investigate the ap-
plicability of Eq. 24 for generic emitters with parabolic
tips. Note that cylindrically symmetric emitter tips that
are vertically aligned can be approximated as
z = h+
1
2
(d2z
dρ2
)
ρ=0
ρ2 + . . . (29)
' h
[
1− 1
2
ρ
Ra
ρ
h
]
(30)
where Ra is the magnitude of the apex radius of curva-
ture, ρ = (x2 + y2)1/2, h is the height of the emitter and
we have assumed that the tip is not flat ((d2z/dρ2)ρ=0 6=
0). Also, since field emission occurs close to the tip,
higher order terms in ρ can be ignored in the expansion
of z.
Eq. 30 can be used to find the local and gaussian cur-
vatures in terms of the apex radius of curvature. More-
over, recent results28 show that local surface electric field
around the tip can be expressed in terms of the local elec-
tric field at the apex (Ea) and a generalized cos θ˜ factor:
El(z) = Ea cos θ˜ = E0
γa(z/h)√
(z/h)2 + (ρ/Ra)2
(31)
where γa is the field enhancement factor at the apex and
z is the height on the emitter surface measured from the
conducting plane.
For a surface parameterized as (ρ cosϕ, ρ sinϕ, h −
aρ2), where a = 1/(2Ra) and ρ = (x
2 + y2)1/2, the local
Principal and Gaussian radii of curvature are respectively
R1 = −Ra
[
1 +
( ρ
Ra
)2]3/2
(32)
R2 = −Ra
[
1 +
( ρ
Ra
)2]1/2
(33)
Rg = Ra
[
1 +
( ρ
Ra
)2]
(34)
Thus, for quadratic emitters, El and R2 in Eq. 24 are
given by Eq. 31 and 33 respectively if the apex radius
of curvature and field enhancement factors are known.
Alternately, they can be computed at each point on the
emitter surface if the exact numerical solution for the po-
tential is available. As in case of the hyperboloid, Eq. 24
is expected to hold for general quadratic emitters that
are sharp.
III. NUMERICAL RESULTS
We shall first make a crude estimate of the domain
of validity of Eq. 24 for a typical local electric field El '
5×109 V/m. For an emitter with work function of 4.5 eV,
the tunneling distance at this local field is about 1nm. At
the apex, with Ra = 5nm, the quadratic term is about
20% of the linear while the cubic is about 5% of the
linear. Thus, along the symmetry axis, the neglect of
terms higher than cubic appears justified when Ra >
5nm.
Away from the emitter apex, the principle radius of
curvature R2 increases (albeit slowly compared to R1)
for typical quadratic tips. At the same time, the local
electric field decreases for a given external electric field.
Thus, while the tunneling distance increases marginally,
the domain of validity of Eq. 24 also increases. In the fol-
lowing, we shall explore the difference between the exact
current density and the one obtained using the approxi-
mate potential of Eq. 24, for various emitter shapes and
position.
First, we consider a hemiellipsoidal emitter on a
grounded conducting plane placed in a uniform electric
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FIG. 1. The potential energy due to the external field along
the normal to three different points on a hemiellipsoidal emit-
ter surface located (i) at the tip (z = h) (ii) at z = h − Ra
(iii) at z = h − 2Ra. The external field strength is E0 =
6 × 104 V/m. The height of the hemiellipsoid h = 1500 µm
while the base radius b = 2 µm. The filled triangles are the
quasi-planar result (−El∆s), the filled squares are obtained
using Eq. 24 while the solid curve is the exact result.
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FIG. 2. As in Fig. 1 for Ra = 6nm, E0 = 7.5× 104 V/m and
base radius b = 3 µm.
field. Fig. 1 shows the potential energy due to the exter-
nal field at three locations on the emitter surface (i) at the
tip (ii) at z = h−Ra (iii) at z = h−2Ra. At the tip where
R2 = 2.67nm, the exact potential and Eq. 24 match quite
well to about 1nm while at locations (ii) and (iii) the
agreement gets better since R2 increases. Fig. 2 shows
a similar plot for Ra = 6nm and E0 = 7.5 × 104 V/m.
The agreement at all three location now gets better. For
an even larger apex radius Ra = 16.67nm, the agreement
extends beyond 4nm at all three locations.
We next turn our attention to the tunneling current
densities generated using these potentials. Assuming a
free electron model, the current density is evaluated at
zero temperature as
J =
2me
(2pi)2~3
∫ EF
0
T (E)(EF − E)dE (35)
where T (E) is the transmission coefficient at energy E , m
is the mass of the electron, e is the magnitude of the elec-
tron charge and EF is the Fermi level. Instead of using
the WKB expression for the transmission coefficient, we
shall determine T (E) numerically using suitable bound-
ary conditions for the 1-dimensional Schro¨dinger equa-
tion and a modified transfer matrix method29. In the
results presented here, curvature corrections to the im-
age potential have been neglected in order to bring out
the role of corrections to the external potential.
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FIG. 3. A Fowler-Nordheim plot of the current density for a
hemiellipsoid with base radius b = 2µm at the three different
locations mentioned in Fig. 1. The solid line is the exact
result while the filled-squares are obtained using Eq. 24 for the
external potential. The filled-triangles are obtained using the
quasi-planar approximation for the external potential. Here,
1/El is expressed in the unit [V/nm]
−1.
The corresponding current densities for Ra = 2.67nm
are shown in Fig. 3 at the locations mentioned earlier.
Clearly the two correction terms in the potential (see
Eq. 24) are adequate to reproduce the exact results. For
b = 3µm (Ra = 6 nm), the current density is shown
in Fig. 4. The agreement with the exact result remains
excellent using Eq. 24 while the agreement between the
exact and quasi-planar case improves considerably as ex-
pected.
We next turn our attention to a case where the an-
alytical solution for the potential is not known. Using
a suitable nonlinear line-charge of height L placed on a
grounded conducting plane in the presence of a uniform
electric field, a conical zero-potential surface is obtained
of height 300 µm, base radius 16 µm, having a rounded
top with an apex radius of curvature Ra = 4.56nm.
The emitter tip is modeled very well28 by the quadratic
z = h− ρ2/(2Ra).
Fig. 5 is a plot of the potential energy variation along
the normal to the emitter surface. The points (from left
to right) are located at (i) ρ = 0 (the emitter tip) (ii)
ρ ' 1.8 nm and (iii) ρ ' 4.5 nm. The exact potential
is calculated using the line charge distribution. Clearly,
Eq. 24 provides a fair approximation to the exact poten-
tial in the tunneling regime. It gets marginally better
away from the apex due to the increase in R2 but there-
after minor deviations in the tunneling region occur, per-
haps due to the uncertainty in the 4/3 multiplying factor.
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FIG. 4. As in Fig. 3 for b = 3µm (Ra = 6nm) at the three
different locations. The solid line is the exact result while
the filled-squares are obtained using Eq. 24 for the external
potential. The filled-triangles are obtained using the quasi-
planar approximation for the external potential.
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FIG. 5. The potential energy due to the external field along
the normal to points on a rounded conical surface located (i)
at the tip (ρ ' 0nm) (ii) at ρ ' 1.8nm and (iii) at ρ ' 4.5 nm.
The external field E0 = 5 × 105 V/m. The values of the
field enhancement factor at these points are 11555, 10730 and
8160 respectively. The filled triangles are the quasi-planar
result (infinite radius of curvature) while the filled squares
are obtained using Eq. 24. The solid curve is the exact result.
The corresponding current densities are shown as a
Fowler-Nordheim plot in Fig 6. In the first two cases,
the current densities using Eq. 24 for the external poten-
tial are in good agreement with the exact result (solid
line) obtained using the nonlinear line charge distribu-
tion. In the third case (plot to the right), Eq. 24 under-
estimates the current density marginally. The difference
with the quasi-planar case is again substantial especially
at smaller values of local field El, in all three cases.
In order to determine the effectiveness of Eq. 24 in de-
termining the total electron current from a single emitter,
we have computed the emitter current at two values of
the external field, E0. At E0 = 5 × 105 V/m (corre-
sponding to a local apex field ' 5.77 × 109 V/m), the
currents obtained from the quasi-planar approximation,
Eq. 24 and the exact potential are 0.302 µA, 0.0455 µA
and 0.0445 µA respectively. While the last two values are
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FIG. 6. The current density as a function of the local electric
field El at three points on the rounded conical tip as men-
tioned in Fig. 5. Here, 1/El is expressed in the unit [V/nm]
−1.
close, the quasi-planar current is nearly 7 times more. At
the higher external field E0 = 10
6 V/m, the currents ob-
tained from the quasi-planar approximation, Eq. 24 and
the exact potential are 0.36 mA, 0.205 mA and 0.220 mA
respectively. The last two values are still close while the
quasi-planar approximation improves considerably.
IV. DISCUSSION AND CONCLUSIONS
The study of two analytically solvable models, the
hemiellipsoid on a conducting plane and the hyperboloid
diode, led us to Eq. 24. In both cases, when the emitter
is sharp, Eq. 24 is accurate near the apex for short ex-
cursions in the normal direction. An identical result was
derived for a sphere thereby establishing that the spheri-
cal approximation for curved emitters (where applicable)
must be used with the the second principle radius of cur-
vature R2 as the radius of the sphere.
Finally, we have also numerically explored the validity
of Eq. 24 for an analytically unsolvable case, the cone
with a quadratic tip. Our numerical studies show that
in all the examples, the current densities obtained using
Eq. 24 agree well with the exact result near the emitter
tip and show a considerable improvement compared to
the quasi-planar case in predicting the emitter current.
At low external field strengths, where the difference with
the quasi-planar case is almost an order of magnitude,
Eq. 24 predicts the current with less than 2% error. At
higher field strengths, the quasi-planar result improves
but is still poor compared to the prediction of Eq. 24.
The results presented here have also been tested for a
cylindrical emitter with a quadratic tip.
While the preceding discussion has centred around a
single sharp emitter, it is clear that the form of the ex-
ternal potential remains the same even if the emitter is
part of a regular array or a randomly distributed bunch
of emitters, so long as the emitter tip is smooth and
parabolic. For a bunch of emitters with identical height
and apex radius of curvature, the only quantity in Eq. 24
7that depends on the neighbourhood is the local exter-
nal electric field, El. This is determined by the extent
of shielding which must be determined separately before
calculating the field emission current.
In conclusion, the quasi-planar approximation to the
potential due to the external field leads to large errors
in emitted current when the apex radius of curvature
Ra / 20 nm and the applied external field is small. For
Ra ' 2 nm, Eq. 24 seems to provide a very good approx-
imation to the external potential and accurately repro-
duces the emitter current. Finally, in addition to curva-
ture effects in the external potential, corrections to the
image potential are also important and must be included
in determining the emitter current.
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VI. APPENDIX
For orthogonal co-ordinate systems in which the
Laplace and Schro¨dinger equations are separable, tun-
neling transmission coefficients along field lines can be
calculated using the standard 1-d formalisms. In the gen-
eral case however, curved field lines would necessitate use
of the multi-dimensional tunneling formalism. In view of
a possible general applicability of Eq. 14 to non-separable
systems, we have instead chosen to express the external
potential in terms of the normal distance ∆s so that stan-
dard 1-dimensional tunneling results can be used. This
also leaves open the possibility of incorporating the re-
sults of this paper in a modified Fowler-Nordheim equa-
tion.
The assumption so far in using the normal distance
∆s has been that field lines are more or less straight
over the tunneling distance of about 1 nm at moderate
local field strengths. In the following, we shall test this
assumption for a hemiellipsoid by Taylor expanding the
potential along the normal direction and comparing with
Eq. 14.
Consider a point (η0, ξ0) on the hemiellipsoid η = η0.
A point outside, at a distance ∆s normal to the hemiel-
lipsoid at (η0, ξ0) can be written as
z1 = z0 + ∆s sin θ
ρ1 = ρ0 + ∆s cos θ (36)
where z0 = c2ξ0η0, ρ0 = c2
√
(η20 − 1)(1− ξ20) and tan θ =
z0(η
2
0 − 1)/(η20ρ0). The point (ρ1, z1) can be assumed to
lie on another hemiellipsoid η1 = η0 + ∆η and is defined
alternately by the co-ordinates (η1, ξ1) = (η0 + ∆η, ξ0 +
∆ξ) where ∆η and ∆ξ can be computed by demanding
that the point outside satisfies the ellipsoid/hyperboloid
equation. Thus, ∆η is determined using
z21
c22η
2
1
+
ρ21
c22(η
2
1 − 1)
= 1 (37)
while ∆ξ can be evaluated either using
z21
c22ξ
2
1
− ρ
2
1
c22(1− ξ21)
= 1 (38)
or using ξ1 = (z0 + ∆s sin θ)/(c2η1) and Eq. 37. The
solutions, to the accuracy required, can be expressed re-
spectively as
∆η(∆s) = a1∆s+ a2(∆s)
2 + a3(∆s)
3 +O((∆s)4)(39)
∆ξ(∆s) = b1∆s+ b2(∆s)
2 +O((∆s)3) (40)
where
a1 =
1
hη
(41)
a2 =
1
2h2ξ
η0
η20 − ξ20
(42)
a3 = − 1
2hηh2ξ
η20 + ξ
2
0
(η20 − ξ20)2
(43)
while
b1 = 0 (44)
b2 =
1
2h2ξ
ξ0
η20 − ξ20
(45)
with
hη = c2
√
η20 − ξ20
η20 − 1
(46)
hξ = c2
√
η20 − ξ20
1− ξ20
. (47)
A Taylor expansion of the potential at the point
(η0, ξ0) along the normal can be expressed as
V (∆s) = V0 + Vη∆η + Vξ∆ξ +
1
2
Vηη(∆η)
2+
1
2
Vξξ(∆ξ)
2 + Vξη∆η∆ξ +
1
6
Vηηη(∆η)
3 + . . .
(48)
where V0 = V (η0, ξ0) and ∆η and ∆ξ are given by
Eqns. (39) and (40) respectively. Clearly, this expansion
suffices to expand the potential upto O((∆s)3) since b1
8is zero. Also, since the Vξξ term contributes O((∆s)4), it
will be ignored henceforth. The relevant partial deriva-
tives can be evaluated as follows:
Vη = −Elhη (49)
Vξ = 0 (50)
Vηη = Elhη
2η0
η20 − 1
(51)
Vξη = −Elhη 1
ξ0
(52)
Vηηη= −Elhη 8η
2
0
(η20 − 1)2
(53)
Collecting together terms O((∆s)k), the potential for the
hemiellipsoid is expressed as
V (∆s) = V0+d1∆s+d2(∆s)
2+d3(∆s)
3+O((∆s)4) (54)
where
d1 = Vηa1 (55)
d2 = Vηa2 +
1
2
Vηηa
2
1 (56)
d3 = Vηa3 + Vηηa1a2 + Vξηa1b2 +
1
6
Vηηηa
3
1 (57)
Consider now a sharp hemiellipsoid emitter η = η0 for
which Ra/h << 1 and a point (η0, ξ0) on its surface at a
height z0 = h − Ra/n. At the apex, n → ∞, while the
apex neighbourhood from where emission predominantly
takes place corresponds generally to n >> 10. The fol-
lowing approximations can then be made:
η0 =
h
c2
' 1 + 1
2
Ra
h
(58)
ξ0 =
z0
h
' 1− 1
n
Ra
h
(59)
η20 − 1 '
Ra
h
(60)
1− ξ20 '
2
n
Ra
h
(61)
η20 − ξ20 '
Ra
h
(1 +
2
n
) (62)
R2 = Ra(1 +
2
n
)1/2 (63)
A comparison of the terms in d2 at El = 1 yields
Vηa2 = O( 1
n
1
Ra
) (64)
Vηηa
2
1= O(
1
Ra
) (65)
while the terms in d3 at El = 1 are
Vηa3 = O( 1
n
1
R2a
) (66)
Vξηa1b2= O( 1
n
1
hRa
) (67)
Vηηa1a2= O( 1
n
1
R2a
) (68)
Vηηηa
3
1 = O(
1
R2a
) (69)
Thus, for a sharp emitter with Ra/h << 1, in the region
close to the apex (n >> 10) from where electron emission
predominantly occurs at moderate fields, d2 ' 12Vηηa21
while d3 ' 16Vηηηa31. This leads to Eq. 14.
In part therefore, the results obtained using Eq. 14 are
in good agreement because the apex neighbourhood con-
tributes substantially to the current. Our results show
that at a local fields of 5 V/nm, the region n ≥ 10 con-
tributes as much as 70% to the total current. There is
also a cancellation of effects. The correction to the coeffi-
cient of the (∆s/R2)
2 term leads to an increase in current
while the correction to the coefficent of the (∆s/R2)
3
term leads to a decrease. Our studies for various field
strengths and apex radius of curvature, show that Eq. 14
provides an optimum description of the external poten-
tial.
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